Abstract. In the current work, we define and find the general solution of the decic functional equation g(x + 5y) − 10g(x + 4y) + 45g(x + 3y) − 120g(x + 2y)
Introduction
In [64] , Ulam proposed the general Ulam stability problem: When is it true that by slightly changing the hypotheses of a theorem one can still assert that the thesis of the theorem remains true or approximately true? In [31] , Hyers gave the first affirmative answer to the question of Ulam for additive functional equations on Banach spaces. Hyers result has since then seen many significant generalizations, both in terms of the control condition used to define the concept of approximate solution [4, 26, 43, 52] . On the other hand, Cȃdariu and Radu noticed that a fixed point alternative method is very important for the solution of the Ulam problem. In other words, they employed this fixed point method to the investigation of the Cauchy functional equation [20] and for the quadratic functional equation [19] . The fixed point method was used for the first time by Baker [9] who applied a variant of Banachs fixed point theorem to obtain the Hyers-Ulam stability of a functional equation in a single variable (for more applications of this method, see [5, 6, 13, 14, 15, 16, 42, 66] ). During the last seven decades, the stability problems of various functional equations in several spaces such as intuitionistic fuzzy normed spaces, random normed spaces, non-Archimedean fuzzy normed spaces, Banach spaces, orthogonal spaces and many spaces have been broadly investigated by number of mathematicians; for instance, see [7, 10, 11, 18, 21, 24, 25, 27, 28, 35, 39, 40, 49, 50, 53, 54, 55, 69] .
One of the most famous functional equations is the additive functional equation (1.1) f (x + y) = f (x) + f (y). − 36f (x − 2y) + 9f (x − 3y) − f (x − 4y) = 9!f (y) (1.9) where 9! = 362880. Recently, the general solution in vector space and generalized Ulam-Hyers stability of the following (1.9) in a Banach Space, Felbin's type fuzzy normed space and Intuitionistic fuzzy normed space by using the standard direct and fixed point methods was introduced and investigated in [17] and [51] .
Based on the above investigations, in this paper, we introduce the following Decic functional equation g(x + 5y) − 10g(x + 4y) + 45g(x + 3y) − 120g(x + 2y)
where 10! = 3628800. We find the general solution of this new functionl equation. Finally, we study the generalized Ulam-Hyers stability of (1.10) in Banach spaces (BS), generalized 2-normed spaces (G2NS) and random normed space (RNS) using direct and fixed point methods.
2. General solution of (1.10)
In the following result, a solution of the decic functional equation (1.10) is given. For this, let us consider A and B be real vector spaces. We notice that the general solution has the generalized polynomial form and it specifies the best mapping g as in Theorem 2.1; see [8] .
Theorem 2.1. If g : A −→ B be a mapping satisfying (1.10) for all x, y ∈ A, then g is decic.
Proof. Substituting (x, y) by (0, 0) in (1.10), we see that
Replacing (x, y) by (x, x) in (1.10), we get
for all x ∈ A. Again replacing (x, y) by (x, −x) in (1.10), we obtain
for all x ∈ A. Subtracting (2.3) from (2.2), we arrive at
for all x ∈ A. It follows from (2.4), we achieve
for all x ∈ A. Hence, g is an even mapping. Setting (x, y) by (0, 2x) in (1.10) and using (2.5), we reach
for all x ∈ A. The above equation can be rewritten as
for all x ∈ A. Again switching (x, y) into (5x, x) in (1.10), we obtain
for all x ∈ A. Subtracting (2.7) and (2.8), we find
for all x ∈ A. Replacing (x, y) by (4x, x) in (1.10) and using (2.5), we get
for all x ∈ A. Multiplying by 10 on both sides of (2.10), we obtain
for all x ∈ A. Subtracting (2.11) from (2.9), we arrive 45g(8x) − 330g(7x) + 1035g(6x)
for all x ∈ A. Letting (x, y) by (3x, x) in (1.10) and using (2.5), we have
for all x ∈ A. Multiplying by 45 on both sides of (2.13), one obtains
for all x ∈ A. Subtracting equations (2.12) and (2.14), we get
for all x ∈ A. Replacing (x, y) by (2x, x) in (1.10) and using (2.5), we obtain
for all x ∈ A. Multiplying by 120 on both sides of (2.16), one finds
for all x ∈ A. Subtracting equations (2.15) and (2.17), we reach
for all x ∈ A. Dividing (2.18) by 2, we arrive at
for all x ∈ A. Interchanging (x, y) into (x, x) in (1.10) and using (2.5), we see that
for all x ∈ A. Multiplying (2.20) by 105, we get
for all x ∈ A. Subtracting equations (2.19) and (2.21), we have
for all x ∈ A. Replacing (x, y) by (0, x) in (1.10), we obtain
for all x ∈ A. Multiplying (2.23) by 63, one finds that
for all x ∈ A. Subtracting equations (2.22) and (2.24), we have
for all x ∈ A. It follows from (2.25), we reach
for all x ∈ A. Hence g is a Decic mapping. This completes the proof.
In the following result which is analogous to Theorem 2.1, we bring another proof for it. Proof. Replacing y by −y in (1.10), we get
+ 45g(x + 3y) − 10g(x + 4y) + g(x + 5y) = 10!g(−y) (2.27) for all x, y ∈ A. Subtracting (2.27) from (1.10) and replacing y by x, we have
for all x ∈ A. It follows from (2.18) that
for all x ∈ A. Replacing (x, y) by (x, x) in (1.10) and using (2.5), we find
for all x ∈ A. Multiplying (2.29) by 210, one finds
for all x ∈ A. Subtracting equations (2.28) and (2.30), we arrive at
for all x ∈ A. Multiplying (2.32) by 126, one can show that
for all x ∈ A. Subtracting equations (2.31) and (2.33), we have
for all x ∈ A. It follows from (2.34), we reach
for all x ∈ A. Hence g is a Decic mapping.
Stability results in Banach space
In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (1.10) in Banach space using direct and fixed point methods.
Throughout this section, let us consider E be a normed space and F be a Banach space. Define a mapping Dg 10 : E −→ F by Dg 10 (x, y) =g(x + 5y) − 10g(x + 4y) + 45g(x + 3y) − 120g(x + 2y)
where 10! = 3628800 for all x, y ∈ E.
Banach space: Direct method
for all x, y ∈ E. Let Dg 10 : E −→ F be a mapping fulfilling the inequality
for all x, y ∈ E. Then, there exists a unique decic mapping T : E −→ F which satisfies (1.10) and
where K 2 bd x, 2 bd x and T (x) are defined by for all x ∈ E. Dividing the above inequality by 2, one can arrive
for all x ∈ E. Again setting (x, y) by (5x, x) in (3.2), we obtain
for all x ∈ E. Combining (3.7) and (3.8), we have
for all x ∈ E. Switching (x, y) into (4x, x) in (3.2) and using evenness of g, we get
for all x ∈ E. Multiplying by 10 on both sides of (3.10), we see that
for all x ∈ E. It follows from (3.9) and (3.11) that
for all x ∈ E. Letting (x, y) by (3x, x) in (3.2) and applying evenness of g, we have
for all x ∈ E. Multiplying by 45 on both sides of (3.13), one obtains
for all x ∈ E. The relations (3.12) and (3.14) imply that
for all x ∈ E. Replacing (x, y) by (2x, x) in (3.2) and using evenness of g, we obtain for all x ∈ E. Multiplying by 120 on both sides of (3.16), one finds
for all x ∈ E. It follows from (3.15) and (3.17) that
for all x ∈ E, where
Dividing (3.18) by 2, we arrive at
for all x ∈ E. Substituting (x, y) by (x, x) in (3.2) and using evenness of g, we get
for all x ∈ E. Multiplying (3.20) by 105, we have
for all x ∈ E. It follows from (3.19) and (3.21) that
for all x ∈ E. Replacing (x, y) by (0, x) in (3.2) and using evenness of g, we obtain
for all x ∈ E. Multiplying (3.23) by 63, we obtain
for all x ∈ E. Combining (3.22) and (3.24), we get
for all x ∈ E. The relation (3.25) implies that
for all x ∈ E. From (3.27), we have
for all x ∈ E. It follows from (3.28) that
for all x ∈ E. Now, by replacing x by 2x and dividing by 2 10 in (3.29), we have
for all x ∈ E. Generalizing, for a positive integer a, we land
for all x ∈ E. To prove the convergence of the sequence g(2 a x) 2 10a , we replace x by 2 d x in (3.32) and divide the resultant by 2 10d , for any a, d > 0. Then, we get
for all x ∈ E. Thus, it follows that the sequence g(2 a x) 2 10a is Cauchy in F and so it converges. Therefore, we see that a mapping T (x) : E → F defined by
is well defined for all x ∈ E. In order to show that T satisfies (1.10), by interchanging (x, y) into (2 a x, 2 a y) in (3.2) and then dividing by 2 10a , we have
for all x, y ∈ E and so the mapping T is decic. Taking the limit as a approaches to infinity in (3.32), we find that the mapping T is a decic mapping satisfying the inequality (3.3) near the approximate mapping g : E → F of equation (1.10). Hence, T satisfies (1.10), for all x, y ∈ E.
To prove that T is unique, we assume now that there is T as another decic mapping satisfying (1.10) and the inequality (3.3). Then, it follows easily that
for all x ∈ E and all a ∈ N. Thus
for all x ∈ E. Therefore, as a → ∞ in the above inequality, one establishes
for all x ∈ E. Hence, the assertion holds for b = 1.
Replacing x by x 2 in (3.28), we get
for all x ∈ E. The rest of the proof is similar to that of case b = 1. Thus, for b = −1 the assertion holds as well. This finishes the proof.
The following corollaries are immediate consequence of Theorem 3.1 concerning the stability of (1.10). 
for all x, y ∈ E, then there exists a unique decic mapping 
for all x, y ∈ E, then there exists a unique decic mapping
where
for all x ∈ E.
Banach space: Fixed point method
Here, we recall a fundamental result in fixed point theory as follows. 
Using Theorem 3.4, we obtain the generalized Ulam-Hyers stability of (1.10). (3.27 ) with the property
holds for all x, y ∈ E. Assume that there exists L = L(i) such that the mapping
for all x ∈ E. Then, there exists a unique Decic mapping T : E −→ F satisfying the functional equation (1.10) and
for all x ∈ E. 
It is easy to see that (A, d) is complete with respect to the defined metric. Let us define the linear mapping J : A −→ A by
So, we have
for all x ∈ E, that is d(Jg, Jh) ≤ Ld(g, h) for all g, h ∈ A. This implies that J is a strictly contractive mapping on A with Lipschitz constant L. From (3.28), (3.37) and (3.39) for the case i = 0, we get
So, we obtain

Jg(x) − g(x) ≤ L D(x, x), (x ∈ E).
Hence,
Replacing x = x 2 in (3.37) and (3.40) for the case i = 1, we find
Thus, we obtain
Therefore, from (3.40) and (3.41), we arrive
where i = 0, 1. Hence, the property (FP1) holds. It follows from property (FP2) that there exists a fixed point T of J in A such that
for all x ∈ E. In order to show that T satisfies (1.10), replace (x, y) by (℘ n i x, ℘ n i y) in (3.36) and divide by ℘ 10n i , we have
for all x, y ∈ E, and so the mapping T is decic. By property (FP3), T is the unique fixed point of J in the set
Finally, by property (FP4), we obtain
So, the proof is completed.
Using Theorem 3.5, we prove the following corollary concerning the stability of (1.10). for all x, y ∈ E, then there exists a unique decic mapping T : E → F such that
Proof. Let
for all x, y ∈ E. Now
Thus, (3.34) holds. On the other hand
has the property (3.27) . Hence, for all x ∈ E. It follows from (3.43),
where for all x ∈ E. Similarly by (3.43), we prove
Hence, the inequality (3.38) holds for Now, from (3.38), we prove the following cases for condition (i).
Also, from (3.38), we show the following cases for condition (ii).
2 ρ −2 10 Θ 2 Once more, from (3.38), we have the following cases for condition (iii).
2 2ρ −2 10 Θ 3 Finally, the proof of (3.38) for condition (iv) is similar to the condition (iii).
Stability results in generalized 2-normed spaces
In this section, the generalized Ulam-Hyers stability of the decic functional equation (1.10) in generalized 2-normed space is discussed.
Definitions On generalized 2-normed space
We present some basic definitions related to generalized 2-normed spaces. N (y, x) for all x, y ∈ X; (G2N3) N (λx, y) = |λ|N (x, y) for all x, y ∈ X and X = ϕ, ϕ is a real or complex field;
The generalized 2-normed space is denoted by (X, N (., .) ). N (., .) ) is called Cauchy sequence is there exist two lineary independent elements y and z in X such that {N (x n , y)} and {N (x n , z)} are real Cauchy sequences. In the section, we present the generalized Ulam-Hyers-Rassias stability for the functional equation (1.10) .Throughout this section, let us consider G be a generalized 2-normed space and H be generalized 2-Banach space.
The proof of the subsequent theorems and corollaries are similar to the Theorems 3.1, 3.5 and Corollaries 3.2, 3.3, 3.6. Hence, the details of the proofs are omitted. for all x, y ∈ G and all u ∈ G. Let Dg 10 : G −→ H be a mapping fulfilling the inequality
G2NS: Direct method
for all x, y ∈ G and all u ∈ G. Then there exists a unique decic mapping T : G −→ H which satisfies (1.10) and
where K (2 bd x, u), (2 bd x, u) and T (x) are defined by
for all x ∈ G and all u ∈ G, respectively. 
for all x, y ∈ G and all u ∈ G, then there exists a unique decic mapping 
for all x, y ∈ G and all u ∈ G, then there exists a unique decic mapping
where 
such that the functional inequality
holds for all x, y ∈ G and for all u ∈ G. Assume that there exists L = L(i) such that the mapping
where K((x, u), (x, u)) is defined in (3.27) with the property
for all x ∈ G and for all u ∈ G. Then, there exists a unique decic mapping T : G −→ H satisfying the functional equation (1.10) and
for all x ∈ G and for all u ∈ G. 
for all x ∈ G and for all u ∈ G.
Stability results in random normed spaces
In this section, the generalized Ulam-Hyers stability of the decic functional equation (1.10) in RN-space is provided.
Definitions and notations
In the sequel, we adopt the usual terminology, notations and conventions of the theory of random normed spaces as in [61, 62] .
From now on, ∆ + is the space of distribution functions, that is, the space of all mappings
such that F is leftcontinuous and nondecreasing on R, F (0) = 0 and F (+∞) = 1. D + is a subset of ∆ + consisting of all functions F ∈ ∆ + for which l − F (+∞) = 1, where l − f (x) denotes the left limit of the function f at the point x, that is,
The space ∆ + is partially ordered by the usual pointwise ordering of functions, that is, F ≤ G if and only if F (t) ≤ G(t) for all t ∈ R. The maximal element for ∆ + in this order is the distribution function 0 given by Recall (see [29, 30] ) that if T is a t−norm and x n is a given sequence of numbers in [0, 1] , then T n i=1 x n+i is defined recurrently by T
It is known [30] that, for the Lukasiewicz t−norm, the following implication holds:
[62] A random normed space (briefly, RN-space) is a triple (X, µ, T ), where X is a vector space, T is a continuous t−norm and µ is a mapping from X into D + satisfying the following conditions: (RN1) µ x (t) = ε 0 (t) for all t > 0 if and only if x = 0; (RN2) µ α x (t) = µ x (t/|α|) for all x ∈ X, and α ∈ R with α = 0; (RN3) µ x+y (t + s) ≥ T (µ x (t), µ y (s)) for all x, y ∈ X and t, s ≥ 0. (s)
for all x ∈ X and all s > 0.
